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Abstract

In this paper, we develop a formalism describing in a relativistic way a system
which consists of a classical and a quantum part which are coupled. The
formalism models one particle with spin % and it is a possible relativistic
extension of the event-enhanced quantum theory. We postulate a covariant
algorithm which plays the role of the standard reduction postulate in non-
relativistic quantum mechanics. Furthermore, we present an algorithm to
simulate detections of the particle.

PACS numbers: 03.65.Pm, 03.65.Ta, 03.65.—w

1. Introduction

Seeking to bridge the conceptual frameworks of classical and quantum theory, Blanchard and
Jadczyk [1-3] have proposed an extension of standard (non-relativistic) quantum mechanics
called event-enhanced quantum theory (EEQT). Its main idea is to view the total system
as consisting of a classical and a quantum part which are coupled. The pure states of the
quantum part are wavefunctions which are not directly observable, whereas the pure states of
the classical part can be observed without disturbing them. Changes of the classical pure states
are called events. Events are discrete and irreversible. A review on applications of EEQT is,
for example, [4].

Trying to define states and a reduction postulate in a relativistic theory can lead to
paradoxes and logical difficulties (for example, see Aharonov and Albert [5]).

One possible solution is the assumption that there exists a preferred reference frame.
For example, Caban and Rembielinski [6] used a non-standard synchronization scheme with
built-in preferred reference frame and proposed a Poincaré-covariant relativistic quantum
mechanics.

Furthermore, one possibility to avoid some of the above difficulties is to consider the
wavefunction for a relativistic particle not as a function on the spacetime continuum but as a
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function on the set of flat, space-like hypersurfaces in Minkowski space (for example, see the
papers by Breuer and Petruccione [7-11]).

Another possibility is the introduction of a supplementary, intrinsic time, the proper time 7.
The proper time 7 is independent of the reference frame. It plays the role of (absolute) time
in non-relativistic quantum mechanics. The wavefunction at a given proper time is a function
on the spacetime continuum. The idea of a proper time was first used physically by Horwitz
and Piron [12] and later in a lot of other approaches (a review with more references is, for
example, written by Fanchi [13]).

Blanchard and Jadczyk have also introduced a relativistic version of EEQT [14] using the
idea of a proper time and an indefinite scalar product.

The main aim of this paper is to present an alternative relativistic version of EEQT which
uses a positive-definite scalar product. The theory will describe a single spin-% particle with
mass m in a relativistic way and should be useful in situations in which one can neglect pair-
creation and pair-annihilation. As in the relativistic extension introduced by Blanchard and
Jadczyk [14], we postulate an additional parameter, called proper time t. The total system
consists of a classical and a quantum part. Therefore, at a given proper time 7, the (pure) state
of the total system is a pair (v, V;). w, is the state of the classical part and W; is the state of
the quantum part.

We assume that a (pure) state w, of the classical partis anumber: w, € Ny = {0, 1,2, ...}.
Again, a change of the classical (pure) state is called an ‘event’.

The (pure) states of the quantum part shall be (heuristically speaking) solutions W :
R x R* — C* of the Dirac equation (iy"0, — Sy" A, — %)W (x) = 0. The quantum state is
always a function on the spacetime continuum, even if ideal or continuous measurements are
performed. An interesting property of a quantum state is that it is uniquely given by its values
on a space-like hyperplane. Moreover, it will be possible to introduce a positive-definite scalar
product between two quantum states. In section 2, we present the definition of (pure) states
of the quantum part and their properties in a more mathematical way.

We define in section 3 how the system state changes if we change the reference frame or
‘charge conjugate’ the system.

In section 4, we postulate a covariant algorithm for simulating ideal measurements of
infinitesimally small duration. It plays the role of the standard reduction postulate in non-
relativistic quantum mechanics.

An algorithm for simulating detections of the particle is presented and examined in
section 5.

In the last section, we summarize the properties of our formalism.

In a future paper, we will examine applications of our algorithm for simulating detections.
A first application can be found in [15].

2. Pure states of the quantum part

We want to define a (pure) state of the quantum part of the total system. It describes the state
of a single particle with spin % and mass m.

LetP = {(y,a,9) : y e R*, @ e R? |a| < 1,¢ € R?,|¢| < 7} and we define with
A=(0°y),a,¢) €P:

on(it) = (Y0 +a - Rz, y + Ryid) Vi € R
(fle) = / Gift @ -y F@)g@  Vfig e L@
Il = V(1) Vi e Ly(R)*
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with C = C U {#o0 + iR} U {R =+ ico} U {£oo =+ ico} and L,(R*)* = {f : R® —
C* @ [dx|f(x)]*> < oo}. y* = (y° ) are the Dirac matrices and R; € SO(3) is the
rotation of the angle |¢| around the vector @/|@| (the sense of rotation is determined by
the right-hand rule). Note that this scalar product was also used by Breuer and Petruccione
[7-11].

We continue with the following definition.

Definition. U € H if and only if the following conditions are satisfied

(i) V:RxR*—>C* w continuous differentiable (D)
(i) (iy"d, — Sy" A, —5)¥(x) =0 2)
(iii) ||V ooyl < 00 forall A eP 3)
(iv)  limg - [u*|¥ 003 (@) =0 forall »eP 4)

A, R* — R* is the external electromagnetic potential.

H is a vector space. Now we want to define a scalar product for all & € H. The following
theorem is very important for achieving this task.

Theorem 1. Let Wy, Wy € H, let jXB = \Dzyoy“\IJB, the quantity
(Wpo00,|Wpo0;)), = / jhgdfu
Oy
exists for all .. = ((y°, ¥), &, ¢) € P and is independent of A. df,, = (1, —a) dii denotes the

differential ‘surface element’ of o;.

Proof.

(i) Existence. This follows from the fact that W4 o 03, g 0 o) € LZ(R3)4 (see (3)).
(ii) Independence. We get 3, j4, = O by a simple calculation. The integral is clearly

independent of ¢ and y. Therefore, we can assume ¢ = Oand y = 0. Leto; = T((40.0).1.0)
and oy = 0((,2.0).d5.0) be two hyperplanes. Let X (¢, ®) = (cos ¢ sin ®, sin ¢ sin ©, cos ®).
(a) Case o) = ap =: a. Let
Fi(R) = {o1(u) : || < R}
Fy(R) = {o2(u) : |u| < R}
sk, 9, 0) = ()] +v (33 — ) + R-ak(p, ©), R - & (¢, ©))
S(R) ={sp(1,0,0):0<1v<1,0< 9 <27,0< 0 <7}

<
<

Let V(R) be the volume bounded by F;(R), F>(R) and S(R). The differential ‘surface
element’” of S(R) is dS, = R*W,(v, ¢, ®)dvdepd®. The function W, need not be
explicitly calculated, because it is enough to know that W, does not depend on R. We get
by the Gauss theorem (with Jhg(R,v,0,0) = jiosr(v, ¢, ©))
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[ s [ Hpafi==pim [ yagepm [ g,
o1 o R—=00 JF,(R) R=00 J (R
= lim A jhpdix — lim jhpdS,
R—o0 V(R) R—o0 S(R)
= — lim JhpdS,
R—o0 S(R)

— lim dufdwfd@)szj;B(R, v, 0, O)W, (v, 0, a)

R—o0

= —/ dv/dga/d@ Jim (R*j\g(R,v, 0, ) W, (v, 0, @) =0
— 00
because

R*|jhz(R.v, 0, 0)| = R* | W}y 'y " Wg o sp (v, ¢, ©)]
const
2

uniformly in ¢, ® (see (4)) and v (because j X 5 1S continuous).

< (R2 Wy 0 sx(v, 0, O + R Wp 0 sz (v, 9, ®)2) =20

(b) Case a; # ay. Because of case (a), we can assume y? = yg = 0. Let a(v) be chosen in
such a way that & (v) is continuous, @(0) = &y, a(1) = &, and |@(v)| < 1 Yv € [0, 1].
Let

Fi(R) = {o1(u) : |u| < R}
F>(R) = {on(u) : |u| < R}
sr(v, 9, ®) = (R-a()i(p, ©), R - (¢, ©))
S(R) ={sg(,0,0):0<v<1,0<9p <21,0< 0 <7}
Again, V (R) should be the volume bounded by F;(R), F>(R) and S(R). The differential

‘surface element’ of S(R) is dS,, = R? Wﬂ (v, ¢, @) dv de d® (note the factor R? instead
of R? in case (a)!). Analogous to case (a), it follows

_/ jKBdfu"L/ Japdfu=0
(3] (o))

because |R3j§B (R, v, ¢, ®)| Riio 0 uniformly in v, ¢, ©. O
Now we are able to introduce a scalar product between elements of .

Definition. We introduce a scalar product between Wy, Vg € H:
(WalWB)yg = (Wa00:|Wp 00u)s Wally == v/ {(WalWa)y

with A € P arbitrary.

(-|-)7 is a sesquilinear form. Itis clear that (W |W), > 0 VW € H because the eigenvalues
of (1 —y%a)are 1 +|a| > 0and 1 — |&| > 0.

The independence of the scalar product from the parameters A = (y, &, ¢) ‘expresses’
the independence of the reference frame. Note that the number of ‘free parameters’ is ten and
equals the number of parameters of a Poincaré transformation.

An element W € H is uniquely given by its values on a hyperplane 0. This fact results
indeed from the following theorem.
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Theorem 2. Let u = (v, @, ) € P arbitrary, let Vi, ¥, € H with ¥, o o, =WY00, then it
follows Wy = W,.

Proof. Let W := W — W, we get ¥ o 0, (4) = 0 Vi and therefore |V oo, |, = 0. We
assume W, # W, so there exists z = (z°,2) € R* with W(z) = V(z) — Wa(z) # 0. Because
W is continuous there must be a neighbourhood of z with W (x) # 0. So there exists € > 0
with W o 0. 5.5, () # 0 for all u with |u| < € (because z = 0(; 5,5 (0)). It follows that
IV o 0¢a.6)lloess > 0. But we get

theorem 1

0=[Yooyaployssy = [IYoocaplo.ss #O0-

The assumption that W # W, is wrong and it implies that W = W5. O
Theorem 3. (H, (1)) is a pre-Hilbert space.
Proof. It is only left to prove that (¥/|W),, = 0 provides ¥ = 0. We assume

0= (W(O)W(0)g = /dﬁ (W0, D = (¥1W) oy

It results that W (0, i) = 0 Vii, because (-|-); )+ is a scalar product. As 0(0, &) = 0 Vi and
W (0, 1) = 0 Vii, we get by theorem 2 that W = 0. O

We demand that the quantum states are elements of a Hilbert space. So we must complete
the pre-Hilbert space (H, (-|-)x).
Definition. Let
H=A{F: R* — C4|F o0, € L2(R3)4VA € P and Isequence {V,,}nen, Vi € H:
Ve > 03N, : |[(F—=V¥,) ool <€ Vm> N.VAeP} )

Let F € H,we define F =0 <% ||[Foo,|,=0VA eP.
A scalar product (-|-)y : H x H — C is defined by
(F1|F2)y = (Fy 003 |F2 0 03)» VF,F, € H

with A € P arbitrary.

The following theorem proves that (H, (-|-)3) is really a Hilbert space and a completion
of (FL, (1-))-

Theorem 4. The above scalar product is well defined (independent of the parameter ).).
(H, (-|")x) is a Hilbert space and H is a dense subspace of it.

Proof. (i) We first prove that H is a vector space. The only thing which is (perhaps) not trivial
is the existence of a sequence in the above sense. Let Fy, F, € H, a, b € C, then there exist
sequences W, ,,, Wy, in the above sense. Now we get

|((@aF1+bF) — (@W¥1,, + bW ) oon s = lla(F1 — Wy ,,) 003+ b(F2 — W) 0 ol
< alll(F1 — Wim) o oulls + |bI[(F2 — W2.,) 0 0w lln

m—0oQ
— 0

uniformly for all A € P.
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(i1)) We now prove that (F; o 0;|F> o 0;), is independent of A € P for all F, F, € ‘H. Let
Fy, F, € 'H, then there exist sequences WV, ,,, V¥, , in the above sense. Now we get with
AAEP
(Fioou|F2005), = (im =X s00(W1,m 0 03) [ 1im =4y 00 (Wa, © 02))1

= lim (W, 0 04 |W2,, 0 Op)s

m—0o0
TEN lim (W, 0 03 Wa 0 07)3
m— 00

= (lim _j\meoo(\pl,m o 0;)|lim _}'m%oo(\plm 003))

= (F1 o03|F,007%);.
lim —A and lim —A mean the limits concerning the norms ||-||;, and ||-||; in the Hilbert spaces
(Lz(]R3)4, (-]-)») and (Lz(R3)4, (-])7) . It is now clear that (-|-)4 is a sesquilinear form with
(F|F)y 2 OVF € H.
(iii) Let F € H with (F|F)y = 0, then it follows

(FIF) =0
= (Fooy|Fooy);, =0 Vi eP
= |[Fooull, =0 VA eP
(& (Fooy)(i) =0 foralmostall i € R, Vi € P)
def.
& F=0.

So (-]-)% is a scalar product.
(iv) We now prove that H is complete. Let {F,} be a Cauchy sequence in H, so

I(F — Ey) ool "0 uniformly VA € P. So there exists a sub-sequence { F},, } with
|(Fus — Fu) oou]], <27* Vk VL € P.

By using Lebesgue’s dominated convergence theorem with the sequence f x := F,, 0 0;, we

can show that there exists fi € Lz(]R3)4 with

k—o00

”Fnkoo-)»_f)»”A — 0 Vi eP

and limy_, o, Fy,, 0 03, (1) = f5 () almost everywhere and V. € P. Note that the sub-sequence
{ni}ren 1s independent of X! We also get || F, oo, — falla "2 0 VA € P. Because
|(Fp — Fp) ooyl "5 0 uniformly VA € P, we get by taking lim —A,_o that
IFy 005 — fill, = 0 uniformly VA € P. Now we set

i) if oy()=x and limg_o Fy, 00y () = f (i)

0 otherwise.

F(x):{

This function is well defined, because the sub-sequence F;, is independent of A! It is also
trivial that F o 0, = f, almost everywhere.

We now prove that ' € H. The only thing left to prove is the existence of a sequence
U, € ‘H. Because F,, € H, there exist sequences {®,, ,} with [|(F, — D) 0 0u ]l 20
uniformly VA € P. So there exists W,, € H with [|(F,, — ¥,,) 0 0,1, < L VA € P. Now we
get
[(F = W) ool < I(F = Fu) o oull + [[(Fn — W) 0 oulix

1 m— 00

< I fo = Fanooalla +Z — 0
—_—

=20 uniformly YAeP

uniformly(!) for all A € P. So it results that F' € H.
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The last step to prove is: F), 0 concerning the norm in H. We get forall A € P
I(F = Fu) o 0ull = 1y = Fu 0 0ull = 0.
(v) It is trivial that ¥ C M and that # is dense in H. O
We are now in a position to postulate that the (pure) states of the quantum part of the total
system are the elements of the Hilbert space (H, (-|-)»). Animportant fact is that the elements

are still functions on the spacetime continuum.
Let A € P and we define the function U, : H — R, by

U, :H> Fx) [ — FOGA(;l)ERA (6)

with R, C L, (R*)* denoting the range of U,. A quantum state is uniquely given by its values
on a hyperplane o;. This means that the function U, is injective for all A € P. The following
theorem proves this property.

Theorem 5. Let Fy, F» € 'H such that there exists € P with Fy o 0, = F> o 0, then it
follows F| = F,.

Proof. Let FF = F| — F,, we get F oo, = 0. F € 'H, so there exists a sequence WV, € H with
I(F —®,) 00y |, =3 0 uniformly for all » € P. We get

n—00 theorem 1

0 «— I(F=W)ooully =IWyooull, =" [IWsooul Vi eP.
Because
IFooull < IF =) oouli+[Waoall, = 0 VreP
weget||Fool;, =0VAeP & F=0.
It followsthat0 = F = F; — F, = F| = F>. O

The function Uj, is invertible, let U, L. R, — H be the inverse function. The following
theorem proves some properties of U, and U, ! respectively.

Theorem 6. Let ). € P and the functions U, : H — R, and U;l : Ry — H are defined as
above.
(i) Let F e Hand f € R;, then(U;]f|F>H = (fIULF), and especially ||U, F ||, = || F|l»
and |U" £, = 1f s
(ii) We use the Hilbert space (Ly(R¥?, (-|)2). Then the set R, C Lo(R*)* is closed.

Proof.
W (U fIF), = (U [ oo | Fooy), = (FIULF),
f U, F

(i) Let f, € R, foralln € Nand lim —X, . f, = f € L2(R3)4. We want to prove that
feR,. Weset F, := U;lf,,. {F,}nen 1s a Cauchy sequence. Because H is complete, there
exists F € H with lim,,_, - F,, = F. Moreover we get

f=lm—X\, o fy =lim—A, o UyF, = U, lim F, = U, F
n—0o0
(because U, is bounded/continuous). So R; is closed. ]

It follows that (R;, (-|-)») is a Hilbert space and U, : (H, (:|')x) — (R, {:|)») is
a unitary operator for all A € P. Because (L2(R3)4, (-]-)») is a separable Hilbert space,
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(R, (-|)2) is a separable ‘sub’-Hilbert space. Therefore, (H, (-|-),) must be a separable
Hilbert space.

Before continuing, let us compare our approach with that of Breuer and Petruccione
[7-11]. They introduced the Hilbert bundle Hzp (1) = (Ly(R*)*, (-|-);) and a wavefunction
¥pp which depends on the hyperplane, ¥pp(X) € Hpp(L). Theorem 6 gives the result that
H is isomorph to Hgp(L) for a fixed (but arbitrary) A € P. Without measurements, the
wavefunction g p is more or less a function on the spacetime continuum, i.e. there exists a
function W (x) with ¥5p(A) = W o 0;. This function W is the quantum state in our formalism.
But this connection is not true in the case of measurements.

3. Change of the reference frame and charge conjugation

Our aim now is to define how the quantum state changes, if we change the reference frame
K — K with ¥ = Ax + a. The classical state does not change in this case.

We look only at Poincaré transformations (A, a) which do not mirror the space and do
not invert the direction of time, i.e., A € LI. Let S(A) be a non-singular 4 x 4 matrix with
STHAYHS(A) = AyY, STHA) = S(AT!) and STH(A) = yOSH(A)y "

Let us first present a lemma which will be needed in the proofs of the main theorems.

Lemma. Let f,g : R* > C*, fooy,g00, € La(R)* forallA € P, A € L, a € R*, we
set

F&®) =S f(AT (& —a) g(X) = S(A)g(A™! (X — a)).
Let ). € P arbitrary, then there exists (L(A) € P with

(fooilg o) = (f 00unlg o 0umm)uc-

Proof. Each arbitrary Lorentz transformation A € LI can be expressed as a product of pure
translations, pure rotations and Lorentz-boosts in the x! direction. So it is enough to prove the
lemma for pure translations, pure rotations and Lorentz-boosts in the x! direction separately.
This can be done by straightforward calculations. 0

The electromagnetic potential in the reference frame K is given by
Au® = (A7), A AT @ — a)).

So we define

X

H:{@:RXR3—>C4

¥ cont. diff., (iy“&u - %V“Au . %) U (x) =0,
Ci

W ooy, < o0, rlim PP oo @)|> =0 vxep}. (7
ul—o0

A scalar product (-|-) » between two elements of H and a completion (H, (-|-);7) can be
constructed in the same way as in the previous section.

Let the quantum state in the reference frame K be W € #. Then the quantum state in the
reference frame K is defined to be

U (F) = S(AMW(A™'(F —a)).

We get the following theorem.

Theorem 7. Let U € T, then (%) = S(AW(A~'(F — a)) € .
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Proof. It is clear that ¥ is continuous differentiable and that W is a solution of the Dirac
equation with external field A u (see, e.g., [16]). The third condition in (7) is clear because
of the lemma. The last condition can be proved by simple calculations. Again, it is
enough to do this only for pure translations, pure rotations and Lorentz-boosts in the x!
direction separately. O

Now, we look at the general case F € H. Let us define an operator Wiy o) : H — H:
(Wir.ayF)(X) := S(ANF(A™ (& — a)) VF € H.

This operator is well defined. Using these transformation rules, the scalar productis covariant.
Its value is the same in all reference frames. Or in other words, the operator W, 4 is unitary.
All these will be proved by the next theorem.

Theorem 8.
(i) Let F € H, then F(%) = (Wi F)(®) € H.
(ii) Let Fy, F>» € H, deﬁne F'l = W(A,a)Fla Fz = W(A’a)Fz then

(F1lF2)p = W FilWaa ) = (FilF2)y.

Proof. (i) Because of the lemma, we get
I1Fooulls=IFoouoluc < oo

forall » € P. B .

Only the existence of the sequence W, € H is left to be proved. Since F' € H, there exists
a sequence ¥, € A with [(F —W,) ooy 0 uniformly for all A € P. Let U, (%) =
S(MVL(ATNE —a)). ¥, € 7—7( because of theorem 7. Since ||[(F — W¥,) o g, ]lx =0
uniformly for all A € P, we also get

see lemma

I(F —®,) 0 oy llx [(F = W,) 0 0ol — 0

uniformly for all € P. We have indeed F € H.
(i)
(F\|Fy)r = (Froo|Faoo)s arbitrary A e P

see lemma
= (F100u0)|F2 00100 uen)

= (F1|F2)n. O

Now, we examine the situation if we charge conjugate the system K — K¢. We define

ﬂc = {\IJC ‘R x R > C* W€ cont. diff., (iy“aﬂ + %y"AM — %) wC(x) =0,
C
W€ ooy ]ls < o0, lim [u}|WC o0, )> =0 VAGP}. (8)
|u|—o0

. ~C .
Again a scalar product (-|-) e between two elements of 7/ and a completion (1S, (-|-)3c)
can be constructed in the same way as in the previous section.

It is well known that in any representation of the y-matrices there must exist a matrix C

which satisfies

CyiC™l = -yt ©)



9236 A Ruschhaupt

(see, e.g., [16]). In addition, we want to use only representations of the y-matrices for which
there exist an unitary matrix C satisfying (9). (This is true, e.g., in the Dirac representation
with C = iy?y0)

The following theorem expresses the relation between the spaces H and HC. It can be
proved by straightforward calculations.

Theorem 9.
(i) Let W € T, then W€ = Cyo"w* e HC.
ii) Let FF € H, then = e .
(ii) Let F € H, then F€ = Cy°" F* e HC
(iii) Let Fa, Fg € H, let F§ = Cy"" F}, F§ = Cy°" Fy, then (FS|F§),.c = (Fs|Fa)n.

4. Events generating algorithm (ideal, infinitesimal short measurements)

In the previous sections, we have precisely defined the state of the total system and examined
some of its properties. We are now in a position to present the proper-time evolution of
the system state. More precisely, we will postulate algorithms which generate events, i.e.
irreversible changes of the classical state. Because we know that the set of quantum states is
indeed a Hilbert space, we can use the well-known formulation in the Hilbert space framework.
In this section, we formulate an algorithm to describe ideal measurements of infinitesimal
short duration. In principle, we rewrite the standard reduction postulate of the non-relativistic
quantum mechanics by replacing ¢ with T and using our Hilbert space of ‘solutions’. But
the quantum state should change only in the case of measurement, i.e. the ‘Hamiltonian’
is zero. Performing a measurement a reduction should happen. The reduction changes the
wavefunction on the whole spacetime (not, e.g., only along a hyperplane) in such a way that the
resulting wavefunction is again a (generalized) solution of the Dirac equation on the spacetime
continuum. In this way, we get a covariant algorithm playing the role of the standard reduction
postulate in non-relativistic quantum mechanics.

We name the reference frame K. Let the particle be prepared at proper time tp at a
spacetime point z.

There should be n measurements, which happen at proper times t; at spacetime points
zi,i = 1, ..., n. The ith measurement is represented by an observable M; with

M; = Z Ai i1 Pi i )Pl
J

(I)i,j (S H, 1= Z_,‘chi,j><cbi,j|v ((Di,j|d)i,k>7-t = 5_,',]( and )\,,‘,j e R.

We assume that 7p < 77 < --- < 1,. We want to preserve a weak kind of order, so we
demand the following: no event (e.g., preparation, measurement or detection) can take place
in the backward light-cone of the previous event:

2 0 0 2 .
(Izjs1 —zj1* > 0and 2} < z},,) or  (lzjs1—zlI°<0)  Vj=0,1,....,n—1
with [|x||> = |(x°, ¥)||> = (x)? — |X|? being the Minkowski distance. Or in other words, let
two successive events happen at spacetime points z; = (z?, z j) and 741 = (z? 1 Z j+1), then

there must exist a Poincaré transformation (A, a) (A € Li) such that
!
0w, 0_ 2020 _ ,0 _u 0
A piy rat =7 <y =A pljpta.

There must exist a reference frame in which the time of the first event Z(; is earlier than the

time of the second event 27, .
Now we start with the formulation of a relativistic reduction postulate for ideal
measurements. Let (w;, ¥;) be the state of the total system.
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(i) The particle is prepared at proper time 7( at spacetime point zo. The quantum state is
given by W, with | Wy, ||§_t = 1 and the classical state is w,, = 0. Leti = 1.

(ii)) The quantum and the classical states change only in the case of measurement. They have
no t-dependence if there is no measurement:

(0, ¥;) = (wr;,l s \Ilri,l)

fort,1 <t <1
(iii)) The ith measurement takes place at proper time 7; at spacetime point z;. We choose the
measurement result A; ; with probability

p(hij) = |(‘Di,j|‘1’ff>n|2'

If ; ; is the received measurement result, the state of the total system changes in the
following way:

(Q)Ti, \Ilri) — (,]7 (I)l,])
(iv) Leti — i + 1 and go to step (ii).

We want to examine what this algorithm looks like in another reference frame. Let K be
a reference frame which is connected to K by a Poincaré transformation (A, a) with A € Li.

In K, the situation is described in this way: the particle is prepared at 7y in Zg = Az +a
with initial quantum state

Uy () = (Wia) We) (1) = S(M) Wy, (A7 (% — a))

. <2 . . . .
with || v ||H = 1 (the operator W(, ,) is unitary). The measurement i at proper time T;
happens at Z; = Az; +a and is represented by

M; =W oMW, ) = Z)\i,ﬂ&)i,j)(&)i,ﬂ
J
with ('I“),',j = W(A,a)d),‘,j. It is true that 1 = Z_j Ié,]><é,]| and (&)i,_j |&)i,k>7:[ = 5_,',](.
If we apply the algorithm in K and if we choose the same random numbers, then we get
the same measurement results as those we get if we apply the algorithm in K, because

PO ) = |(Waay @i | Wia.a ‘%MZ = |(®;,] \Ilr;>7.[‘2 = p(Ai ).

The system state (w,, W) in the reference frame K and the system state (@, \IJ,) in the
reference frame K are always connected in the following way:

(Cbta \II‘[) = (w‘ra W(A,a)\pt)-

The above algorithm describing ideal, infinitesimal short measurements is covariant.
Now we consider the charge-conjugated system K©. We set

T T
v =y v @ = Cy" @ .
The charge-conjugated observables are defined by

ME = CyOTM,-*yOTCJr _ Z)“i’j |5 ) {@f ;] -
J

The complex conjugated operator M is defined by MW := (M;W*)*.

If we execute the algorithm in the charge-conjugated system K€ or if we execute the
algorithm in the normal system K, both will result in the same events (if we choose the same
random numbers), because

2
PE (i) = |06, WE) [ = 10w 11l = pG ).
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The system state (w;, W) in K and the system state (€, WE) in K€ are always connected
by

(0, ¥E) = (a),, CyOT\I';‘> .

We demand that the algorithm applied in the ‘charge-conjugated world’ or applied in the
‘normal world’ describes the same physical situation.

We end this section with the derivation of an important relationship between the standard
reduction postulate used with the Dirac equation and the above algorithm: the standard
reduction postulate formulated in a (preferred) fixed reference frame can be rewritten as a
special case of the above algorithm. Especially, the standard reduction postulate used in a
fixed reference frame gives the same probabilities as the above (covariant) algorithm.

We choose the (preferred) fixed reference frame. We assume that the electromagnetic
potential A, is time-independent in this frame. Now, we define

2

ad
Hp = —ichy’y*— +ey0)/”A,L +9%mc?.

dxk
Let U, = Uy, 5.5 (see (6)), so that (U, W) (i) = W(ct, i1). We are now in a position to
prove our claim.
Let the wavefunction be ¥ at time 7 = 0 with |||, g3+ = 1. We assume measurements
happening at times t;,...,t, withO < #; <t < --- < t,. The measurement / is represented
by an observable m; with

mi= ijloi;) (il
J

and 1 =3 1¢i ) (@il (@10 k) 1, = 8k and A; j € R.
Next, we describe this situation in the framework of our formalism. Let

. —1

Yo := U, o.
We get || Wy, = 1. We define n measurements happening at proper times t; := t; at spacetime
points z; = (ct;, y;). ¥; can be chosen arbitrarily. The measurements are represented by

observables M; with
M; o= UL 'miUs, = ki j|®; ) (®i ;]
J
with CI),"J‘ = Uc_t‘_l(f),"j. Note that 1 = Zj |CI),"J‘)(CD,"J‘| and <q)i,j |q)i,k>7-t = (Sj,k‘
We execute the standard reduction postulate (SR) and the above algorithm (AL).

(i) SR. Attime t = 0 the wavefunction is .
AL. At T = 0 the state of the quantum part is Wy with ¥y = UyWy.
(ii) SR. Until ¢t = #;, the time evolution of the wavefunction is given by

¥ (0) = exp (—=1Hp) Yo.
AL. The state of the quantum part does not change until 7 = 7 = #:
W, = Wy.
The following relationship between v (#) and Wy is fulfilled for 0 < ¢ < #4:

V(1) = exp (—%tm)) UgWo = U, Wy = U, ;.
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(iii) SR. Att = 11, the first measurement happens. The probability for the result A, ; is given
by

Prj = |<¢1,.i|w(t])>L2(]R3)4|2.

AL. At T = 11 = 11, the first measurement happens. The probability for the result A ; is
given by

pij = (D1 ;| Wo)n!®
_ _ 2
(U 15| U )y
{1, 19 (0)) ol
(iv) SR. The result should be A; ;. Then, the following change of the wavefunction happens
Y(n) — ¢1; = U, Py ;.

AL. The result should be A; ;. Then, the following change of the wavefunction happens

\IJ(] — q)l,j = Utlil(/l)lqj.

The algorithm continues with the other measurements.

We want to underline two facts. First the probabilities resulting from the standard
reduction postulate and the probabilities resulting from the above algorithm are equal.
Additionally, it is true for all # > 0 that

Y() = U,.

In the same way, we can derive the relationship between our algorithm and the algorithm
for ideal, localized measurements proposed in the approach of Breuer and Petruccione [9].
Let a foliation of spacetime be a family of space-like hyperplanes oy -y which represent the
equal-time hyperplanes of an observer moving along a time-like trajectory. Their algorithm
with a fixed foliation 0;,(;) can be formulated as a special case of our algorithm. On the other
hand, if a foliation o0y,(;) exists with z; € 0j,) Vj then our algorithm can be formulated as
a special case of their algorithm with the foliation oy ;). Both algorithms will give the same
measurement results if we choose the same random numbers. However, the physical ideas are
different. In the formalism of Breuer and Petruccione the wavefunction cannot in general be
written as a function on the spacetime continuum but in our formalism the wavefunction is
always a function on the spacetime continuum.

5. Events generating algorithm (detections of the particle)

In this section, we formulate an algorithm for modelling continuous relativistic measurements,
indeed we will propose in the following an algorithm to simulate detections of the particle.
In principle, we do this by rewriting the algorithm of EEQT by replacing ¢ with 7 and using
our Hilbert space of ‘solutions’. Again, the quantum state should change only in the case of
measurement, i.e. the ‘Hamiltonian’ is zero.

We label the reference frame K. The particle is prepared at proper time 7( in a point
Xo = ()Cg s .X?o)

We consider n detectors with trajectories z;(z), j = 1,...,n. The trajectories start at
proper time T = 7 from the backward light-cone of the spacetime point of the ‘preparation
event’:

2 0 0
o —z;@IP=0 2w < .
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We allow detections which happen in the past of the preparation time. But we do not
allow detections if the detection spacetime point is located in the backward light-cone of the
spacetime point of the preparation event.

Each detector is characterized by operators G ;(t) mapping (generalized) solutions on
(generalized) solutions. Let G}'('C) be the adjoint operators. The total coupling between the
quantum and the classical systems is given by A(7) := Zj G}'(T)Gj(l').

Let (w;, W) be the state of the total system. We define the following algorithm:

(i) The particle is prepared in a spacetime point xq at proper time T = 7y. The quantum state
is Wy, with || 2% ||§1 = 1 and the classical state is w,, = 0.
(i1) Choose a uniform random number r € [0, 1].
(iii) Propagate the quantum state forward in proper time by solving

3 1
— U, = ——A(DY, 10
Py SA@ (10)

until T = 11, where 7 is defined by

T
L= |, = / AT (W, | AW, )y = 7.

70
Let w; = wq, until T = 74, a detection happens at proper time T = 1.
(iv) We choose the detector k, which detects the particle, with probability

- yloew.
Pk = N kUt ||y
with N = Y, [ G, (x) W, |2,
(v) Let!/be the detector which detects the particle. The detection happens at the point z; (7).
The detection induces the following change of the states:

Gi(t)V¥
(a)n, lllrl) — |, 2.
Gl(fl)\ptl ”H
The algorithm can start again perhaps with other detectors at position (ii).
We want to examine what this algorithm looks like in another reference frame. Let K be
the reference frame which is connected to K by a Poincaré transformation (A, a) with A € LI.

In K, the situation can be described as follows: the particle is prepared at 7o in
Xo = Axg+a with initial quantum state

Ty (8) = (Win.a) Vs ) (B) = S(M) W (A7 (X — a))

. <2 L . .
with H v HH = 1 (because the operator W, ,) is unitary). The trajectories of the detectors
are Z; = Az; + a, and the detectors are characterized by

Gj(r) = W(A,a)Gj(T)W(JrAﬂ)'

We get A(z) = 3, G1(1)G (1) = Wiy AW, -
Note, that if W, is a solution of (10) then ¥, := Wa,a) Y7 1s a solution of

d - ad 1 1 - 1. .
qur = W(A,a)aqu = _EW(A,a)A(T)\Ilr = —EW(A,a)A(T)W(JrA,a)‘I’r = _EA(T)\III'
This result implies that the algorithm executed in the reference frame K will give the
same detections as the algorithm executed in K (if we choose the same random numbers). The
spacetime points of the detections in the two reference frames are connected by the Poincaré

transformation (A, a).
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The system state (w,, W) in the reference frame K and the system state (@, \IJ,) in the
reference frame K are always connected in the following way:

(@, l’Iﬂlr) = (wy, W(A,a)q/r)'

The algorithm modelling detections of the particle is indeed covariant.
Now we consider the charge-conjugated system K €. Let

C._ 0T g+ c
Vo =Cy" W, e H".
The charge-conjugated coupling is given by
GS(0) =y Gy c* (1
with Gj(r)\ll = (G;(r)¥")*. Let

AC(D) = G G5 (@) =y A* o)y C.

i
Note, that if W, is a solution of (10) then W& = C yOT\Il;‘ is a solution of
d el 1 1
P CyOTElI/;‘ = —ECyoTA*(r)yorcﬂyj = — AL,
We also note that

T s T T -« T *
GS (W =Cy" Gi(r)y” crey” v = Cy" (G (n)W)* = (G (1) ¥:)°.

A corollary of this fact is |GS(r)WE Hj{C = |G;(0)¥: |7 and (WE|AC(D)WE), . =
(\II‘[ |A(T)\I't)H-

We can conclude: if we start with W, € H and operators G (7), then the algorithm will
give the same results as if we start with \IITCO =C yOT\I';‘O € 'H® and operators jS(t) defined
in (11) (if we choose the same random numbers).

The state (w;, ;) in the normal system K and the state (wTC ,we ) in the charge-conjugated
system K € are again connected by

(0, WE) = (a)r, CyOTlI/;‘) .

Again, we demand that the algorithm applied in the ‘charge-conjugated world’ or applied
in the ‘normal world’ describes the same physical situation.

In the last part of this section, we examine the non-relativistic limit of the above algorithm
and prove heuristically that the non-relativistic limit reduces to the algorithm of the non-
relativistic EEQT. To establish this fact, we define

Q(z,X) i= (U W) (X) = Wi (cT, X)
with W, being a solution of (10) (we recall that U, = U((cz,é),f),f))) and we assume that
U, € A Vr. We get
d - . ) o L 0w -
ih—Q(t,x) =ihc | — ¥, ) (cT, X) +ih—=(ct, X)
ot 9x0 ot

 HyW (. T) — i%(U,A(z)wf)(?c)

.. .h .
:HDQ(r,x)—]5 Z[UTG;(r)UT_I][U,Gj(t)U;]] Q(z, X). (12)

J

=:gi (1) =:g;(7)
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We examine the non-relativistic limit of (12) using the assumption (in analogy with
calculations of the non-relativistic limit of the Dirac equation, see e.g., [16])

Q(1, %) = exp <—im—C2r> <¢) . (13)
B X

Furthermore, we assume that

_ _ gj1(7) 0
g-’“"( 0 g,,z(r)>'

Inserting (13) in (12), we take the limit ¢ — oo but we keep fAk. In this way, we obtain the
modified equation of the non-relativistic EEQT (see, for example, [3])

i | L () ek Y w0 |
"9 ? T | om ol o - OB +eA” —15 (g
ot 2m - i 9x! c Yme ) : 8;1(T)8j1

with 6% being the Pauli matrices. We note that

(W, W, )y = fd} Q(r, H)QUt, ¥) H—"f/dzw(r,})(p(r,;).

If we set t := t, we see immediately that the algorithm of the EEQT is the non-relativistic
limit of the above relativistic algorithm.

Breuer and Petruccione also proposed an algorithm for continuous measurements in their
approach [10]. Under some conditions (because, e.g., space-like separated operators must
commute in their formalism but we do not require this explicitly), their algorithm with a fixed
foliation can again be formulated as a special case of our algorithm and vice versa. But again
the physical ideas are different.

6. Summary

In this paper, we have presented an alternative version of a relativistic extension of the event-
enhanced quantum theory (EEQT). It describes one massive spin—% particle.

We use the idea of an additional time, the proper time, which is invariant in all reference
frames (in analogy with the relativistic extension of Blanchard and Jadczyk [14]).

The total system consists of a quantum part and a classical part analogous to EEQT. A
pure state w, of the classical part at a proper time 7 is a number (w,; € Np). A pure state W,
of the quantum part at a proper time 7 is (heuristically) a solution of the Dirac equation. We
have proved that the solutions of the Dirac equation can be extended to a separable Hilbert
space with a positive-definite scalar product. The pure quantum states are the elements of
this Hilbert space and still functions on the spacetime continuum. An important property of a
quantum state W is that it is uniquely given by its projection onto a space-like hyperplane.

The advantage of a positive-definite scalar product must be paid for with a more
complicated Hilbert space compared to the relativistic extension of Blanchard and Jadczyk
[14]. In that extension, the Hilbert space is simpler but they use an indefinite scalar product.

The transformation rules of a system state (if we change the reference frame) have been
presented. They are chosen in such a way that the scalar product between two quantum states
is independent of the reference frame.

First, we have postulated a covariant algorithm to simulate ideal, infinitesimal short
measurements. We have shown that the (non-covariant) standard reduction postulate
formulated in a (preferred) fixed reference frame can be rewritten as a special case of our
(covariant) algorithm.
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Second, we have postulated a covariant algorithm to simulate detections of a particle. We
have shown that the non-relativistic limit of this algorithm reduces to the PDP algorithm of
the non-relativistic EEQT.

Moreover, we have shown that both algorithms are invariant by charge conjugation.

Both algorithms are also correlated with those proposed by Breuer and Petruccione
[7-11]. The algorithms can be written (under some conditions) as special cases of those
proposed by Breuer and Petruccione and vice versa. But the physical ideas behind them
are different. While in our formalism the wavefunction is always a function on the spacetime
continuum, this is in general not true in the approach of Breuer and Petruccione.

We want to end this paper with a summary of the properties of an event in our theory: an
event is a change of the (pure) state of the classical part which happened at a proper time. An
event can be observed without disturbing it. We demand that each event be associated with a
point in spacetime. In general, if an event happens, the quantum state changes simultaneously
and instantaneously over the whole spacetime. We do not want to include the principle of
relativistic causality explicitly in our formalism: we even allow that an event can happen in
the past of the previous (concerning proper time) event. But we want to preserve a weak kind
of order, so we demand the following: no event (e.g., preparation, measurement or detection)
can be created at a spacetime point which lies in the backward light-cone of that spacetime
point which is associated with the previously (concerning proper time) created event. All
these demands are fulfilled by the events generated by our algorithms.
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